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a b s t r a c t
A block-colouring of a 4-cycle system (X,B) of order v = 1+8k is a mapping φ : B → ∆,
where∆ is a set of colours. A partition of degree r into s parts defines a colouring of type s
in which the blocks containing a vertex x are coloured exactly with s colours. For a vertex
x and for i = 1, 2, . . . , s, Bx,i is the set of all the blocks incident with x and coloured with
colour i. A colouring of type s is equitable if, for every vertex x, |Bx,i − Bx,j| ≤ 1, for all
i, j = 1, . . . , s.
In this paper the authors continue the research begun in Gionfriddo et al. (2010) [2],
where in particular they had studied tricolourings with three colours. Here the authors
study tricolourings, i.e. equitable colourings of type 3, for 4-cycle systems and, in particular,
they give complete results for C4(9)-systems and for C4(1+ 24h)-systems, by proving that
χ ′3(1+ 24h) = 7, and for the tricolourings with four colours.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Specialized colourings of Steiner systems, in which the elements of each block must have a prescribed colour pattern,
have received some attention for Steiner systems recently [1,4,3,5]. In these papers the systems are always G-designs in
which G is a complete graph. The problem is worthy of examination for G-designs in which G is not complete, the difficulty
of solving problems in these cases beingwell-known. In [2] there are the first results about specialized colourings for 4-cycle
systems.
LetKv denote the complete simple graph on v vertices. A k-cycle Ck, k ≥ 3, is the graph based on the vertices a1, a2, . . . , ak,
with edges {a1, a2}, {a2, a3}, . . . , {ak, a1}. Ck will denote any cyclic shift of (a1, a2, . . . , ak) or (ak, ak−1, . . . , a1). A C4-system
of order v, for short 4CS(v), is a pairΣ = (X,B), where X is the vertex set andB is a collection of copies of C4, called blocks,
which partitions the edge set of Kv .
It is well-known that a C4-system of order v exists if and only if v = 1+8k, k ≥ 1. Every vertex x of a 4CS(v) is contained
exactly in r = v−12 = 4k blocks. The integer r is called the degree of x and it is denoted by d(x).
A colouring of a 4CS(v)Σ = (X,B) is a mapping φ : B → ∆, where ∆ is a set of colours. A σ -colouring is a colouring
in which exactly σ colours must be used. For each i = 1, . . . , σ , the subsetBi ofB containing all the blocks coloured with
colour i is a colouring class.
For a partition of degree r into s parts, a σ -colouring of type s is a colouring of blocks such that, for each element x ∈ X ,
the blocks containing x are coloured with s colours. For 4CS(v)Σ = (X,B), we define the colour spectrum Ωs(Σ) = {σ :
there exists a σ -block-colouring of type s of Σ}, and also define Ωs(v) = ∪Ωs(Σ), where the union is taken over the sets
of all 4CS(v)s.
The lower s-chromatic index χ ′s(Σ) and the upper s-chromatic index χ
′
s(Σ) of Σ are defined as χ
′
s(Σ) = minΩs(Σ),
χ ′s(Σ) = maxΩs(Σ), and similarly, χ ′s(v) = minΩs(v), χ ′s(v) = maxΩs(v). IfΩs(Σ) = ∅ (Ωs(v) = ∅), then we say that
Σ (any 4CS(v)) is uncolourable.
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For a vertex x and for every colour i, Bx,i is the set of all the blocks incident with x and coloured with the colour i. Of
course,Bx,i ⊆ Bi. A colouring of type s is equitable if for every vertex x and for i, j = 1, . . . , s, |Bx,i−Bx,j| ≤ 1. A bicolouring,
tricolouring or quadricolouring is an equitable colouring with s = 2, s = 3 and s = 4, respectively.
If x is a vertex of X , then we will say that x is of type AiBj . . . Cu if i blocks containing x are coloured with A, j blocks
containing x are coloured with B, . . ., and so on until u blocks containing x are coloured with C .
In [2]we have begun to study specialized colourings for 4-cycle systems. Among other things, for tricolouringswe proved
the following results:
Theorem 1.1 ([2]). For every v ≡ 1(mod 8), the lower 3-chromatic index χ ′3(v) for 4-cycle systems is 3.
Theorem 1.2 ([2]). For the upper 3-chromatic index χ ′3(v) of 4CS(v) the following inequalities hold:
• χ ′3(v) ≤ 8 if v ≡ 1 (mod 24);• χ ′3(v) ≤ 9 if v ≡ 9, 17 (mod 24), v 6= 9, 17;• χ ′3(9) ≤ 8;• χ ′3(17) ≤ 10.
In this paper we continue the research begun in [2] concerning tricolourings and, in particular, we give complete results
for C4(9)-systems and for C4(1+ 24h)-systems, by proving that χ ′3(1+ 24h) = 7 and for tricolourings with four colours.
2. All possible tricolourings for v = 9
In this section we will determine completely the spectrumΩ3(9) for tricolourings for 4-cycle systems of order 9. From
Theorem 1.1, there exist 4-cycle systems tricolourable with three colours.
Lemma 2.1. There exists a 4-cycle system of order 9, tricolourable with four colours.
Proof. LetΣ = (Z9,D) be the C4-system defined on Z9 as follows:
D = B1 ∪B2 ∪B3 ∪B4,
where
B1 = {(1, 2, 8, 4), (1, 3, 5, 0), (2, 3, 6, 7)},
B2 = {(1, 5, 2, 6), (6, 4, 7, 5)},
B3 = {(1, 7, 3, 8), (7, 0, 6, 8)},
B4 = {(2, 4, 3, 0), (0, 4, 5, 8)}.
If we assign the colour Ai, for each i = 1, 2, 3, 4, to the blocks belonging to Bi, we obtain a tricolouring of Σ with four
colours. 
Theorem 2.2. For 4-cycle systems, we have
Ω3(9) = {3, 4, 5}.
Proof. First, we observe that, for tricolourings with three or four colours, the statement follows from Theorem 1.1 and
Lemma 2.1, respectively. Now, letΣ = (Z9,B) be the system defined on Z9 such that
B = B1 ∪B2 ∪B3 ∪B4 ∪B5,
where
B1 = {(2, 8, 5, 0), (7, 3, 8, 6), (3, 5, 2, 6)};
B2 = {(1, 3, 2, 4), (1, 5, 4, 6)};
B3 = {(1, 0, 4, 7), (5, 7, 0, 6)};
B4 = {(1, 2, 7, 8)};
B5 = {(3, 4, 8, 0)}.
We can verify that Σ is a C4-system of order 9 and if we assign the colour Ai, for each i = 1, 2, . . . , 5, to the blocks
belonging toBi, we obtain a tricolouring ofΣ with five colours.
Finally, we prove that no C4-system of order 9 is tricolourable with six or more colours.
Let Σ = (X,D) be a C4-system of order 9 tricolourable with six colours. If f is the colouring, Ai the colours and
Ci = {B ∈ D : f (B) = Ai} (colouring classes), we observe that necessarily:
(i) there are at least three colouring classes containing exactly one block;
(ii) every vertex is of type X2YZ;
(iii) for every pair of blocks B′, B′′, we have |B′ ∩ B′′| ≤ 2.
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Let c be the number of colouring classes containing exactly one block; then 3 ≤ c ≤ 5. Let |C1| ≥ |C2| · · · ≥ |C6|.
• It is not possible that c = 5, because C1 contains four blocks and, therefore, there exist vertices belonging to three blocks
of C1.• It is not possible that c = 4, because there are at most two vertices belonging to two blocks of C2 and, therefore, at least
seven vertices belonging to two blocks of C1.• It is not possible that c = 3, because there are at most two vertices belonging to two blocks of C1, at most two vertices
belonging to two blocks of C2 and at most two vertices belonging to two blocks of C3. No other vertex belongs to two
blocks of the same colour and this is a contradiction.
For tricolourings of 4-cycle systems of order 9 with seven or more colours, it suffices to observe that in any case there
are necessarily at least three vertices belonging to four blocks of four distinct colours. 
3. Constructions
In this and in the other sections we will use the following terminology and symbolism.
Let A = {a1, a2, . . . , a2p}, B = {b1, b2, . . . , b2q} be two sets such that A ∩ B = ∅.
We will denote by [A, B] the following family of cycles C4:
[A, B] = {(ai, bj, ai+p, bj+q) : 1 ≤ i ≤ p, 1 ≤ j ≤ q}.
Observe that |[A, B]| = p · q.
Further, for p = 4k and∞ 6∈ A, let [A,∞] be any 4-cycle system of order v = 1+ 8k constructed on A ∪ {∞}.
Construction 1. v→ k(v − 1)+ 1.
Theorem 3.1. For every v = 8h + 1 and for every positive integer k, it is possible to construct a 4-cycle system Σ of order
k(v − 1)+ 1 containing k 4-cycle systems of order v.
Proof. Let
A1 = {a11, a12, . . . , a1,8h},
A2 = {a21, a22, . . . , b2,8h},
. . .
Ak = {ak1, ak2, . . . , ak,8h},
be any k sets of cardinality 8h and such that Ai ∩ Aj = ∅, for every pair i, j = 1, 2, . . . , k, i 6= j.
For each i = 1, 2, . . . , k, let Σi = (Ai ∪ {∞}, Bi) be any C4-system of order 1 + 8h, constructed on Ai ∪ {∞}, where
∞ 6∈⋃i=1,...,k Ai. Further, consider the families of C4-cycles:
i<j⋃
i,j=1,...,k
[Ai, Aj].
If
X =
⋃
i=1,...,k
Ai,
B =
( ⋃
i=1,...,k
Bi
)
∪
(
i<j⋃
i,j=1,...,k
[Ai, Aj]
)
then it is possible to verify thatΣ = (X, B) is a C4-system of order k(v−1)+1. It is immediate that, for every pair of distinct
elements x, y of X , there exists at least a cycle C4 ofΣ containing the edge {x, y}. Further,
|B| = k · |Bi| +
(
k
2
)
· |[Ai, Aj]|,
where the indices i, j are fixed. It follows that
|B| = k · h · (8h+ 1)+
(
k
2
)
· 16h2 = · · · = 8h2k2 + kh,
which is the number of blocks contained in a 4-cycle systems of order 1+ 8hk = k(v − 1)+ 1; to be exact,
(1+ 8hk)hk.
This proves thatΣ is a 4-cycle system of order k(v − 1)+ 1, verifying the statement. 
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Construction 2. v→ v + 8kh, for k odd, k < v.
Theorem 3.2. Let Σ ′ and Σ ′′ be any two 4-cycle systems of order v = 8u + 1 and w = 8h + 1 respectively. It is possible to
construct a 4-cycle systemΣ of order v + 8kh, for k odd and k ≤ v, containing Σ ′ and k systems isomorphic toΣ ′′.
Proof. Let Σ ′ = (Zv,D) be any C4-system of order v = 8u + 1. Let k = 2p + 1 be any odd positive integer with k ≤ v.
Further, let
A1 = {a11, a12, . . . , a1,8h},
A2 = {a21, a22, . . . , b2,8h},
. . .
Ak = {ak1, ak2, . . . , ak,8h},
be any k sets of cardinality 8h and such that Ai ∩ Aj = ∅, for every pair i, j = 1, 2, . . . , k, i 6= j. For each i = 1, 2, . . . , k, let
Σi = (Ai ∪ {i},Bi) be any C4-system of order 1+ 8h, constructed on Ai ∪ {i}, where i ∈ Zv . Further, for each i = 1, 2, . . . , k,
consider any 1-factor Fi of the complete graphK8u defined onZv\{i}. Observe that two factors Fi, Fj can have pairs in common.
Finally, consider the following families of C4-cycles:
ΓAi =
⋃
{x,y}∈Fi
[Ai, {x, y}],
for each i = 1, 2, . . . , k. If
X =
( ⋃
i=1,...,k
Ai
)
∪ Zv,
B =
( ⋃
i=1,...,k
Bi
)
∪
( ⋃
i=1,...,k
ΓAi
)
∪
(
i<j⋃
i,j=1,...,k
[Ai, Aj]
)
∪ D,
then it is possible to verify thatΣ = (X,B) is a C4-system of order v + 8hk. It is immediate that, for every pair of distinct
elements x, y of X , there exists at least a cycle C4 ofΣ containing the edge {x, y}. Further,
|B| = k · |Bi| + k · |ΓAi | +
(
k
2
)
|[Ai, Aj]| + |D|,
where the indices i, j are fixed. It follows that
|B| = k · h · (8h+ 1)+ k · 4h · v − 1
2
+
(
k
2
)
· 16h2 + u · (8u+ 1)
= · · · = 8h2k2 + 16uhk+ kh+ 8u2 + u,
which is exactly equal to the number of blocks contained in a 4-cycle system of order 8u+ 1+ 8hk:
(8u+ 1+ 8hk)(8u+ 8hk)/8.
This proves thatΣ is a 4-cycle system of order v + 8hk verifying the statement. 
4. All possible tricolourings for v = 1+ 24h
Let A = {a1, a2, . . . , a2p}, B = {b1, b2, . . . , b2q} be any two disjoint sets.
Theorem 4.1. For every v = 1+ 24h and for every σ = 4, 5, 6, 7 there exists a 4CS(v) tricolourable with σ colours.
Proof. Let A = {a1, a2, . . . , a8h}, B = {b1, b2, . . . , b8h}, C = {c1, c2, . . . , c8h} be three sets such that A ∩ B = ∅, A ∩ C = ∅,
B ∩ C = ∅. Fix∞ 6∈ A ∪ B ∪ C; let
ΣA = [A,∞] = (A ∪ {∞}, BA),
ΣB = [B,∞] = (B ∪ {∞}, BB),
ΣC = [C,∞] = (C ∪ {∞}, BC ),
be 4-cycle systems of order 1+ 8h. By Construction 1, we can define a 4-cycle systemΣ = (X,B) of order 3(v − 1)+ 1 =
24h+ 1, where
X = A ∪ B ∪ C ∪ {∞}
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and
B = BA ∪ BB ∪ BC ∪ [A, B] ∪ [A, C] ∪ [B, C].
Say∆ = {α, β, γ , δ, µ, %, . . .} is a set of colours.
The systemΣ is tricolourable with four colours, with five colours and with six colours.
In fact, if we define a block-colouring f : B → ∆ as follows:
f () = α, ∀ ∈ BA ∪ [B, C],
f () = β, ∀ ∈ BB ∪ [A, C],
and
f () = γ , ∀ ∈ BC ,
f () = δ, ∀ ∈ [A, B],
thenwe can verify that every vertex x ∈ X is of typeX4hY 4hZ4h andα, β, γ , δ are the colours used; therefore f is a tricolouring
ofΣ with four colours.
If we define the block-colouring g ′ : B → ∆ as follows:
g ′() = µ, ∀ ∈ [A, C],
g ′() = f (), ∀ ∈ B \ [A, C],
then we can verify that g ′ is a tricolouring ofΣ which uses the colours α, β, γ , δ, µ.
If we define a block-colouring g ′′ : B → ∆ as follows:
g ′′() = %, ∀ ∈ [B, C],
g ′′() = g ′(), ∀ ∈ B \ [B, C],
then we can verify that g ′′ is a tricolouring ofΣ which uses six colours: α, β, γ , δ, µ, %.
To prove the existence of 4-cycle systems that are tricolourable with seven colours, first consider the following partitions
of A, B, C , respectively:
A1 = {a1, a2, . . . , a4h}, A2 = {a4h+1, a4h+2, . . . , a8h},
B1 = {b1, b2, . . . , b4h}, B2 = {b4h+1, b4h+2, . . . , b8h},
C1 = {c1, c2, . . . , c4h}, C2 = {c4h+1, c4h+2, . . . , c8h}.
Consider now the following 4-cycle systems:
Γ1 = [A1, B1] ∪ [A1, C1] ∪ [B1, C1],
Γ2 = [A2, B2] ∪ [A2, C1] ∪ [B2, C1],
Γ3 = [A1, B2] ∪ [A1, C2] ∪ [B2, C2],
Γ4 = [A2, B1] ∪ [A2, C2] ∪ [B1, C2].
It is easy to check that (X,B)withB = (⋃4i=1 Γi)∪ BA ∪ BB ∪ BC is a 4CS(1+ 24h). Define a block-colouring ϕ : B → ∆
ofΣ as follows:
ϕ() = α, ∀ ∈ BA,
ϕ() = β, ∀ ∈ BB,
ϕ() = γ , ∀ ∈ BC ,
and for each i = 1, 2, 3, 4,
ϕ() = i, ∀ ∈ Γi.
We can verify that ϕ is a tricolouring ofΣ which uses seven colours: α, β, γ , 1, 2, 3, 4. 
In the next section we will prove that 7 is the maximum possible value ofΩ3(1+ 24h).
5. The exact value of χ′3(1+ 24h)
In [2] it is proved that χ ′3(1+ 24h) ≤ 8. Here we prove that χ ′3(1+ 24h) = 7. This result follows from others, which we
prove separately.
In what follows, in this section, we suppose always that:
Σ = (X, B) is any 4-cycle system of order v = 24h+ 1 for which there exists a tricolouring f : B→ ∆,∆ = {A1, . . . , As, . . .}
a set of colours, andΣi = (Xi, Bi) is the 4-cycle family whose blocks are coloured with the colour Ai, for every i = 1, 2, . . ., and
Xi is the union of the blocks of Bi.
Bi is a colouring class ofΣ , and we will say thatΣi = (Xi, Bi) is a colouring system ofΣ .
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Lemma 5.1. The following properties are verified inΣ :
(1) For each x ∈ Xi, x is contained in exactly 4h blocks of Σi.
(2) For each x ∈ X, x is contained in exactly three sets Xi1, Xi2, Xi3.
(3) For each i = 1, 2, . . . , 8, . . . , |Bi| = |Xi| · h, [|Bi| is a multiple of h].
(4) For each i = 1, 2, . . . , 8, . . . , |Xi| ≥ 8h+ 1.
Proof. Properties (1)–(4) follow from the definition ofΣ directly. 
Considering (4) of Lemma 5.1, we can put
|Xi| = 8h+ 1+ ki,
for each possible i = 1, 2, . . . .
Lemma 5.2. Let Σi = (Xi, Bi) be any colouring system for i = 1, . . . , 8, . . . . For every x ∈ Xi there are inΣi exactly 8h vertices
which form an edge with x in the blocks of Bi and exactly ki vertices of Xi which do not form an edge with x in the blocks of Bi.
Proof. We see easily that, in every colouring class, every vertex is contained in exactly 4h blocks. 
Lemma 5.3. If Σi = (Xi, Bi),Σj = (Xj, Bj) are any two distinct colouring systems, then
|Xi ∩ Xj| ≤ ki + kj + 1.
Proof. Suppose that there are two colouring systems, sayΣ ′ = (X ′, B′),Σ ′′ = (X ′′, B′′), such that
|X ′ ∩ X ′′| ≥ k′ + k′′ + 2.
Let x ∈ X ′ ∩ X ′′. There are exactly k′ vertices of X ′ that do not form an edge with x inΣ ′, and similarly there are k′′ vertices
of X ′′ that do not form an edge with x in Σ ′′. Since any vertex y ∈ X ′ ∩ X ′′, y 6= x, must not form an edge with x in at least
one ofΣ ′ orΣ ′′, then |X ′ ∩ X ′′| ≤ k′ + k′′ + 1.
It follows that there exists an edge {x, y} contained in a block of B′ and in another block of B′′ and this is not possible. 
Lemma 5.4. If Σi1 = (Xi1, Bi1),Σi2 = (Xi2, Bi2),Σi3 = (Xi3, Bi3) are any three distinct colouring systems, then
|Xi1 ∪ Xi2 ∪ Xi3| ≥ 24h− (ki1 + ki2 + ki3).
Proof. Let
|Xi1 ∩ Xi2| = α12,
|Xi2 ∩ Xi3| = α23,
|Xi1 ∩ Xi3| = α13.
From Lemma 5.3 it follows that
|Xi1 ∪ Xi2 ∪ Xi3| ≥ 24h+ 3+ (ki1 + ki2 + ki3)− (α12 + α23 + α13)
≥ 24h+ 3+ (ki1 + ki2 + ki3)− [(ki1 + ki2 + 1)+ (ki2 + ki3 + 1)+ (ki1 + ki3 + 1)]
= 24h− (ki1 + ki2 + ki3). 
Lemma 5.5. Let Σi1 = (Xi1, Bi1),Σi2 = (Xi2, Bi2),Σi3 = (Xi3, Bi3),Σi4 = (Xi4, Bi4) be four distinct colouring systems. Then, for
every j = 1, 2, 3, 4, there are at least 8h− (ki1 + ki2 + ki3 + 2ki4 + 2) vertices belonging toΣij = (Xij, Bij) but not belonging to
the other three systems.
Proof. Without loss of generality, we prove that there are at least 8h− (ki1 + ki2 + ki3 + 2ki4 + 2) vertices ofΣi4 which do
not belong to Xi1 ∪ Xi2 ∪ Xi3.
Let
|Xi1 ∩ Xi4| = β14,
|Xi2 ∩ Xi4| = β24,
|Xi3 ∩ Xi4| = β34.
From Lemmas 5.1–5.4, it follows that
|Xi4 − (Xi1 ∪ Xi2 ∪ Xi3)| ≥ 8h+ 1+ ki4 − (β14 + β24 + β34)
≥ 8h+ 1+ ki4 − [(ki1 + ki4 + 1)+ (ki2 + ki4 + 1)+ (ki3 + ki4 + 1)]
= 8h− (ki1 + ki2 + ki3 + 2 · ki4 + 2). 
1992 M. Gionfriddo, G. Ragusa / Discrete Mathematics 310 (2010) 1986–1994
Lemma 5.6. If Σi1 = (Xi1, Bi1),Σi2 = (Xi2, Bi2),Σi3 = (Xi3, Bi3),Σi4 = (Xi4, Bi4) are four distinct colouring systems, then
|Xi1 ∪ Xi2 ∪ Xi3 ∪ Xi4| ≥ 32h− 2 · (ki1 + ki2 + ki3 + ki4 + 1).
Proof. From Lemmas 5.3–5.5,
|Xi1 ∪ Xi2 ∪ Xi3 ∪ Xi4| ≥ 24h− (ki1 + ki2 + ki3)+ 8h− (ki1 + ki2 + ki3 + 2 · ki4 + 2)
= 32h− 2 · (ki1 + ki2 + ki3 + ki4 + 1). 
Lemma 5.7. If Σ is tricolourable with eight colours, then there are at least four colouring systems, say Σi1 = (Xi1, Bi1), Σi2 =
(Xi2, Bi2),Σi3 = (Xi3, Bi3),Σi4 = (Xi4, Bi4), such that
|Xi1| + |Xi2| + |Xi3| + |Xi4| ≥ 36h+ 2.
Proof. Otherwise,
(|X1| + |X2| + |X3| + |X4|)+ (|X5| + |X6| + |X7| + |X8|) ≤ (36h+ 1)+ (36h+ 1) = 72h+ 2,
while
8∑
i=1
|Xi| = 3v = 72h+ 3. 
Lemma 5.8. If Σ is tricolourable with eight colours, then there are at least four colouring systems, say Σi1 = (Xi1, Bi1), Σi2 =
(Xi2, Bi2),Σi3 = (Xi3, Bi3),Σi4 = (Xi4, Bi4), such that
|Xi1| + |Xi2| + |Xi3| + |Xi4| ≤ 36h+ 1.
Proof. From Lemma 5.7, if
|X1| + |X2| + |X3| + |X4| ≥ 36h+ 2,
then
|X5| + |X6| + |X7| + |X8| = 72h+ 3−
4∑
i=1
|Xi| ≤ 72h+ 3− (36h+ 2) = 36h+ 1. 
Lemma 5.9. It is not possible that Σ is tricolourable with eight colours.
Proof. From Lemmas 5.5–5.7 and in particular 5.8, there exist four systems Σ1 = (X1, B1), Σ2 = (X2, B2), Σ3 = (X3, B3),
Σ4 = (X4, B4), such that
|X1| + |X2| + |X3| + |X4| ≤ 36h+ 1.
It follows that
(8h+ 1+ k1)+ (8h+ 1+ k2)+ (8h+ 1+ k3)+ (8h+ 1+ k4) ≤ 36h+ 1,
from which
32h+ 4+ (k1 + k2 + k3 + k4) ≤ 36h+ 1,
and therefore
k1 + k2 + k3 + k4 ≤ 4h− 3.
But from Lemma 5.6,
|X1 ∪ X2 ∪ X3 ∪ X4| ≥ 32h− 2 · (ki1 + ki2 + ki3 + ki4 + 1)
≥ 32h− 2 · [(4h− 3)+ 1] = 24h+ 4
and, since v = 24h+ 1, this is a contradiction. 
So, we have the following conclusive result:
Theorem 5.10. χ ′3(1+ 24h) = 7.
Proof. The statement follows from Theorem 1.2, proved in [2], and Lemma 5.9. 
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6. Tricolourings with four colours
In this section we will consider tricolourings for 4-cycle systems which use four colours.
Lemma 6.1. There exists a 4-cycle system of order 17, tricolourable with four colours.
Proof. LetΣ = (Z17,B) be the C4-system defined on Z17 as follows:
B = B1 ∪B2 ∪B3 ∪B4,
where
B1 = {(13, 11, 6, 12), (13, 14, 6, 15), (13, 16, 6, 7), (7, 0, 8, 15), (11, 0, 12, 16),
(9, 0, 10, 15), (14, 10, 9, 11), (14, 12, 8, 7), (16, 9, 8, 10)},
B2 = {(13, 4, 0, 6), (13, 1, 14, 8), (13, 9, 12, 10), (2, 0, 5, 1), (1, 3, 2, 10),
(2, 12, 7, 5), (7, 9, 4, 10), (11, 3, 16, 7), (3, 15, 16, 8), (15, 12, 5, 11), (9, 14, 4, 6)},
B3 = {(12, 11, 10, 3), (12, 1, 8, 4), (8, 2, 4, 11), (5, 10, 6, 8), (3, 6, 5, 9),
(9, 1, 11, 2), (7, 3, 5, 4), (6, 1, 7, 2)},
B4 = {(13, 0, 14, 2), (13, 3, 14, 5), (15, 0, 16, 14), (15, 1, 16, 2), (15, 5, 16, 4), (0, 1, 4, 3)}.
If we assign the colour Ai, for each i = 1, 2, 3, 4, to the blocks belonging to Bi, we obtain a tricolouring of Σ with four
colours. 
Theorem 6.2. There exist 4-cycle systems of order v, tricolourable with four colours, for every admissible v ≡ 1 mod 8.
Proof. (i) If v = 9, v = 17, v = 1 + 24h for each positive integer h, then the statement follows from Lemmas 2.1 and 6.1
and Theorem 4.1, respectively.
(ii) Let v = 9 + 24h, with h > 0. Let A = {a1, a2, . . . , a8h}, B = {b1, b2, . . . , b8h}, C = {c1, c2, . . . , c8h} be any three sets
such that
A ∩ B = A ∩ C = B ∩ C = ∅.
Let D = Z9, where x 6∈ A ∪ B ∪ C , for every x ∈ D.
Following Construction 2, we define a 4-cycle system Σ = (X,Γ ) of order v = 9 + 24h. Using the same symbolism
as in Theorem 3.2, let Σ ′ = (Z9,D′) be a 4-cycle system of order 9 and A1 = A, A2 = B, A3 = C . Further, let Σ1 =
(A ∪ {1}, B1),Σ2 = (B ∪ {7}, B2),Σ3 = (C ∪ {3}, B3) be 4-cycle systems of orderw = 1+ 8h.
Observe that here, the 4-cycle systemΣ ′ = (Z9,D′) is exactly the system defined in Lemma 2.1.
Finally, let
F1 = {{0, 8}, {6, 7}, {2, 3}, {4, 5}},
F2 = {{1, 2}, {4, 5}, {3, 6}, {0, 8}},
F3 = {{1, 7}, {2, 6}, {0, 4}, {5, 8}}.
Then, define a block-colouring ofΣ , say f : Γ → ∆,∆ a set of colours, as follows:
f () = α, ∀ ∈ B1 ∪ B2 ∪ B3 ∪ [A, {0, 8}] ∪ [B, {4, 5}] ∪ [C, {2, 6}];
f () = β, ∀ ∈ [A, B] ∪ [A, {6, 7}] ∪ [A, {4, 5}] ∪ [B, {1, 2}];
f () = γ , ∀ ∈ [B, C] ∪ [B, {3, 6}] ∪ [B, {0, 8}] ∪ [C, {1, 7}];
f () = δ, ∀ ∈ [A, C] ∪ [A, {2, 3}] ∪ [C, {5, 8}] ∪ [C, {0, 4}].
For the colouring of the blocks of Σ ′, f assigns to them the colour described in Lemma 2.1, putting A1 = α, A2 = β,
A3 = γ , A4 = δ.
We can verify that the mapping f defines a tricolouring ofΣ with four colours.
(iii) Let v = 17 + 24h, with h > 0. We follow the same construction as for case (ii) and use the same symbolism. In
this case, instead of Σ ′, we consider a 4-cycle system Σ ′′ = (Z17,D′′) of order 17. Observe that here, the 4-cycle system
Σ ′′ = (Z17,D′′) is exactly the system defined in Lemma 6.1; further A1 = A ∪ {1}, A2 = B ∪ {8}, A3 = C ∪ {9} and
F1 = {{2, 3}, {4, 5}, {6, 7}, {8, 9}, {10, 11}, {0, 16}, {12, 13}, {14, 15}},
F2 = {{1, 9}, {2, 3}, {4, 5}, {6, 7}, {10, 11}, {0, 16}, {12, 13}, {14, 15}},
F3 = {{0, 1}, {2, 3}, {4, 5}, {6, 7}, {8, 10}, {11, 12}, {13, 14}, {15, 16}}.
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Then, define a block-colouring ofΣ , say f : Γ → ∆,∆ a set of colours, as follows:
f () = α, ∀ ∈ [A, B] ∪ [A, {6, 7}] ∪ [A, {8, 9}] ∪ [A, {10, 11}]
∪ [B, {0, 16}] ∪ [B, {14, 15}] ∪ [B, {12, 13}];
f () = β, ∀ ∈ B1 ∪ B2 ∪ B3 ∪ [A, {0, 16}] ∪ [A, {12, 13}] ∪ [A, {14, 15}]
∪ [B, {6, 7}] ∪ [B, {10, 11}] ∪ [C, {2, 3}] ∪ [C, {4, 5}];
f () = γ , ∀ ∈ [B, C] ∪ [C, {6, 7}] ∪ [C, {8, 10}] ∪ [C, {11, 12}]
∪ [B, {1, 9}] ∪ [B, {2, 3}] ∪ [B, {4, 5}];
f () = δ, ∀ ∈ [A, C] ∪ [A, {2, 3}] ∪ [A, {4, 5}] ∪ [C, {0, 1}] ∪ [C, {13, 14}] ∪ [C, {15, 16}].
Finally, f assigns to the blocks of Σ ′′ the same colours as are defined in Lemma 6.1, putting A1 = α, A2 = β, A3 = γ ,
A4 = δ.
We can verify that the mapping f defines a tricolouring ofΣ with four colours. 
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